Quantum gravity aims to describe gravity in quantum mechanical terms. How exactly this needs to be done remains an open question. Various proposals have been put on the table, such as canonical quantum gravity, loop quantum gravity, string theory, etc. These proposals often encounter technical and conceptual problems. In this chapter, we focus on canonical quantum gravity and discuss how many conceptual problems, such as the measurement problem and the problem of time, can be overcome by adopting a Bohmian point of view. In a Bohmian theory (also called pilot-wave theory or de Broglie-Bohm theory, after its originators de Broglie and Bohm), a system is described by certain variables in space-time such as particles or fields or something else, whose dynamics depends on the wave function. In the context of quantum gravity, these variables are a space-time metric and suitable variable for the matter fields (e.g., particles or fields). In addition to solving the conceptual problems, the Bohmian approach yields new applications and predictions in quantum cosmology. These include space-time singularity resolution, new types of semi-classical approximations to quantum gravity, and approximations for quantum perturbations moving in a quantum background.
Introduction
Quantum theory arose as a description of the world on the smallest scales. It culminated in the standard model of high energy physics which describes the electro-weak and strong interaction. Our current best theory for gravity, on the other hand, is the general theory of relativity which is a classical theory about space-time and matter. While each theory is highly successful in its own domain, quantum theory on small scales and general relativity on large scales, it is as yet unknown how to harmonize both theories. Matter seems fundamentally quantum mechanical. So a theory of gravity should take this into account. One way to do this is by assuming gravity to be quantum as well. The most conservative approach to achieve this is by applying the usual quantization techniques, which turn classical theories into quantum theories, to general relativity. This results in a theory called canonical quantum gravity, described by the Wheeler-DeWitt equation. While these quantization techniques have proved to be enormously successful in the context of the standard model, there is no guarantee for success in the gravitational case. It is therefore crucial to look for possible experimental tests. However, it has been hard to extract possible predictions from canonical quantum gravity because the theory is problematic, not only due to the many technical issues surrounding the Wheeler-DeWitt equation, such as dealing with its infinities, but also due to the conceptual problems, such as the measurement problem and the problem of time, when it is considered in the framework of orthodox quantum theory.
In this chapter we show that a significant progress can be made by considering the canonical quantization of gravity from the Bohmian point of view. In a Bohmian theory, a system is described by certain variables in space-time such as particles or fields or something else, whose dynamics depends on the wave function [1] [2] [3] [4] . In the context of non-relativistic Bohmian mechanics, these variables are particle positions. So in this case there are actual particles whose motion depends on the wave function. Bohmian mechanics can also be extended to quantum field theory [5] , where the variables may be particles or fields, and to canonical quantum gravity [6] [7] [8] [9] [10] . In the context of quantum gravity, the extra variables are a space-time metric and whatever suitable variable for the matter fields. This Bohmian formulation of quantum gravity solves the aforementioned conceptual problems. As such it can make unambiguous predictions in, for example, quantum cosmology. The aim of this chapter is to give an introduction to Bohmian quantum gravity, explain how it solves the conceptual problems with the conventional approach, and give examples of practical applications and novel predictions.
The chapter is organized as follows. We start with an introduction to non-relativistic Bohmian mechanics in section 2, and highlight some important properties that will also be used in the context of quantum gravity. In section 3, we introduce canonical quantum gravity and discuss the conceptual problems that appear when trying to interpret the theory in the context of orthodox quantum theory. In section 4, we turn to Bohmian quantum gravity and explain how it solves these conceptual problems. In section 5, we discuss mini-superspace models. These are simplified models of quantum gravity, which assume certain symmetries such as homogeneity and isotropy. In the context of such models, we consider the problem of space-time singularities in section 6. In section 7, the mini-superspace models are extended to include perturbations. These perturbations are important in the description of structure formation. Bohmian approximation techniques will be employed to obtain tractable equations of motion. Observational consequences will be discussed for a particular model with Bohmian matter bounces. In addition, we show how the problem of the quantum-to-classical limit in inflationary and bouncing models is solved. Finally, in section 8, we discuss a new approach to semi-classical gravity, which treats gravity classically and matter quantum mechanically, based on Bohmian mechanics.
Non-relativistic Bohmian mechanics
Non-relativistic Bohmian mechanics is a theory about point-particles in physical space moving under the influence of the wave function [1] [2] [3] [4] . The equation of motion for the configuration X = (X 1 , . . . , X n ) of the particles, called the guidance equation, is given by
where v ψ = (v ψ 1 , . . . , v ψ n ), with
and ψ = |ψ|e iS . The wave function ψ(x, t) = ψ(x 1 , . . . , x n ) itself satisfies the nonrelativistic Schrödinger equation
For an ensemble of systems all with the same wave function ψ, there is a distinguished distribution given by |ψ| 2 , which is called the quantum equilibrium distribution. This distribution is equivariant. That is, it is preserved by the particles dynamics (1) in the sense that if the particle distribution is given by |ψ(x, t 0 )| 2 at some time t 0 , then it is given by |ψ(x, t)| 2 at all times t. This follows from the fact that any distribution ρ that is transported by the particle motion satisfies the continuity equation
and that |ψ| 2 satisfies the same equation, i.e.,
as a consequence of the Schrödinger equation. It can be shown that for a typical initial configuration of the universe, the (empirical) particle distribution for an actual ensemble of subsystems within the universe will be given by the quantum equilibrium distribution [3, 4, 11] . Therefore, for such a configuration Bohmian mechanics reproduces the usual quantum predictions.
Non-equilibrium distributions would lead to a deviation of the Born rule. While such distributions are atypical, they remain a logical possibility [12] . However, it remains to be seen whether they are physically relevant.
Note that the velocity field is of the form j ψ /|ψ| 2 , where j ψ = (j ψ 1 , . . . , j ψ n ) with j ψ k = Im(ψ * ∇ k ψ)/m k is the usual quantum current. In other quantum theories, such as for example quantum field theories and canonical quantum gravity, the velocity can be defined in a similar way by dividing the appropriate current by the density. In this way equivariance of the density will be ensured. (See [13] for a treatment of arbitrary Hamiltonians.) One motivation to consider Bohmian mechanics is the measurement problem. Orthodox quantum mechanics works fine for practical purposes. However, the measurement problem implies that orthodox quantum mechanics can not be regarded as a fundamental theory of nature. The problem arises from the fact that the wave function has two possible time evolutions. On the one hand there is the Schrödinger evolution, on the other hand there is wave function collapse. But it is unclear when exactly the collapse takes place. The standard statement is that collapse happens upon measurement. But which physical processes count as measurements? Which systems count as measurement devices? Only humans? Or rather humans with a PhD. [14] ? Bohmian mechanics solves this problem. In Bohmian mechanics the wave function never collapses; it always evolves according to the Schrödinger equation. There is no special role for measurement devices or observers. They are treated just as other physical systems.
There are two aspects of the theory whose analogue in the context of quantum gravity will play an important role. Firstly, Bohmian mechanics allows for an unambiguous analysis of the classical limit. Namely, the classical limit is obtained whenever the particles (or at least the relevant macroscopic variables, such as the center of mass) move classically, i.e., satisfy Newton's equation. By taking the time derivative of (1), it is found that
where
is the quantum potential. Hence, if the quantum force −∇ k Q ψ is negligible compared to the classical force −∇ k V , then the k-th particle approximately moves along a classical trajectory.
Another aspect of the theory is that it allows for a simple and natural definition for the wave function of a subsystem [3, 11] . Namely, consider a system with wave function ψ(x, y) where x is the configuration variable of the subsystem and y is the configuration variable of its environment. The actual configuration is (X, Y ), where X is the configuration of the subsystem and Y is the configuration of the other particles. The wave function of the subsystem χ(x, t), called the conditional wave function, is then defined as χ(x, t) = ψ(x, Y (t), t).
This is a natural definition since the trajectory X(t) of the subsystem satisfieṡ
That is, for the evolution of the subsystem's configuration we can either consider the conditional wave function or the total wave function (keeping the initial positions fixed).
(The conditional wave function is also the wave function that would be found by a natural operationalist method for defining the wave function of a quantum mechanical subsystem [15] .) The time evolution of the conditional wave function is completely determined by the time evolution of ψ and that of Y . The conditional wave function does not necessarily satisfy a Schrödinger equation, although in many cases it does. This wave function collapses during measurement situations. This explains the success of the collapse postulate in orthodox quantum mechanics. In the context of quantum gravity, the conditional wave function will be used to derive an effective time-dependent wave equation for a subsystem of the universe from a time-independent universal wave function.
Canonical quantum gravity
Canonical quantum gravity is the most conservative approach to quantum gravity. It is obtained by applying the usual quantization techniques, which were so successful in high energy physics, to Einstein's theory of general relativity. The quantization starts with passing from the Lagrangian to the Hamiltonian picture and then mapping Poisson brackets to commutation relations of operators. Let us start with an outline of this procedure.
In general relativity, gravity is described by a Lorentzian space-time metric g µν (x), which satisfies the Einstein field equations
where G is the gravitational constant, G µν the Einstein tensor and T µν the energymomentum tensor, whose form is determined by the type of matter. In order to pass to the Hamiltonian picture, a splitting of space and time is necessary. This is done by assuming a foliation of space-time into space-like hypersurfaces so that M is diffeomorphic to R × Σ, with Σ a 3-surface. Coordinates x µ = (t, x) can be chosen such that the time coordinate t labels the leaves of the foliation and x are coordinates on Σ. In terms of these coordinates the space-time metric and its inverse can be written as
where N > 0 is the lapse function, N i = h ij N j are the shift functions, and h ij is the induced Riemannian metric on the leaves of the foliation.
The geometrical meaning of the lapse and shift is the following [16] . The unit vector field normal to the leaves is n µ = (1/N, −N i /N ). The lapse N (t, x) is the rate of change with respect to coordinate time t of the proper time of an observer with four-velocity n µ (t, x) at the point (t, x). The lapse function also determines the foliation. Lapse functions that differ only by a factor f (t) determine the same foliation. Lapse functions that differ by more than a factor f (t) determine different foliations. N i (t, x) is the rate of change with respect to coordinate time t of the shift of the points with the same coordinates x when we go from one hypersurface to another. Different choices of N i correspond to different choices of coordinates on the space-like hypersurfaces.
The Hamiltonian picture makes it manifest that the functions N and N i are arbitrary functions of space-time. The spatial metric h ij satisfies non-trivial dynamics, corresponding to how it changes along the succession of space-like hypersurfaces. The arbitrariness of N and N i arises from the space-time diffeomorphism invariance of the theory (i.e., the invariance under space-time coordinate transformations). The motion of h ij does not depend on the foliation. That is, the evolution of an initial 3-metric on a certain space-like hypersurface to a future space-like hypersurface does not depend on the choice of intermediate hypersurfaces. Spatial metrics h ij that differ only by spatial diffeormophisms determine the same physical 3-geometry. The dynamics is therefore called geometrodynamics. A succession of 3-metrics determines a 4-geometry.
Canonical quantization introduces an operator h ij (x) which acts on wave functionals Ψ(h ij ), which are functionals of metrics on Σ. In the presence of matter, the wave functional also depends on the matter degrees of freedom. But we assume just gravity for now. The wave functional satisfies the functional Schrödinger equation
with G ijkl the DeWitt metric (which depends on the 3-metric), h the determinant of h ij , R (3) the 3-curvature and Λ the cosmological constant. In addition to the Schrödinger equation (12) , the wave functional has to satisfies the constraints:
This immediately implies that
i.e., the wave function does not depend on time. This is the source of the problem of time. The constraint (15) , which is called the diffeomorphism constraint, implies invariance of Ψ under infinitesimal spatial coordinate transformations. The constraint (14) is called the Wheeler-DeWitt equation and is believed to somehow contain the time-evolution.
There are technical problems with this theory. Namely the functional Schrödinger equation is merely formal and needs to be regularized. In addition, a proper Hilbert space needs to be found. The theory is also not renormalizable. The latter does not necessarily mean a failure of the theory, but merely that the usual perturbation techniques do not work.
In addition to the technical problems, there are also conceptual problems. First of all, there is the measurement problem, which carries over from non-relativistic quantum mechanics. However, in this case the problem is even more severe. Namely, the aim is to describe the whole universe (albeit with simplified models), and then there are no outside observers or measurement devices that could collapse the wave function. In addition, the aim is also to describe, for example, the early universe, and there are no observers or measurement devices present even within the universe. Second, there is the problem of time [17] [18] [19] . The wave function is static. So how can time evolution be explained in terms of such a wave function? How can we tell from the theory whether the universe is expanding or contracting, or running into a singularity? Finally, there is the problem of what it means to have a space-time singularity. The universe is described solely by a wave function, but there is no actual metric. Various definitions of what a singularity could mean have been explored [20] [21] [22] [23] [24] [25] : that the wave function has support on singular metrics, that the wave function is peaked around singular metrics, that the expectation value of the metric operator is singular, etc. Although these definitions may have something to say about the occurrence or nonoccurrence of singularities, neither of these is completely satisfactory. In fact, since there is merely the wave function, one might even consider the question about spacetime singularities as off-target, since it is the dynamics of the wave function that needs to be well-defined (which in this case amounts to finding solutions to the constraints). The question of the meaning of singularities is important because loop quantum gravity is believed to eliminate singularities, while canonical quantum gravity is not.
Bohmian canonical quantum gravity
In the Bohmian approach to canonical quantum gravity, there is an actual 3-metric h ij , whose motion is given byḣ
with Ψ = |Ψ|e iS and D i the 3-dimensional covariant derivative. This equation can be obtained by considering a suitable current as explained in section 2 [8] . It can also be obtained by considering the classical Hamilton equation and replacing the momentum conjugate to h ij by δS/δh kl [9] . So, just as in the case of general relativity the theory concerns geometrodynamics, i.e., it is about an evolving 3-geometry.
Different choices of the shift vectors N i correspond to different coordinates on the spatial hypersurfaces. The Bohmian dynamics does not depend on the choice of coordinates on the spatial hypersurfaces. That is, the dynamics is invariant under spatial diffeomorphisms. A convenient choice is to take the N i = 0 [8] . The lapse function N > 0 determines the foliation. Lapse functions that differ only by a factor f (t) (which only depends on the time t which labels the leaves of the foliation) determine the same foliation. The Bohmian dynamics does not depend on such different choices. Such a difference merely correspond to a time-reparameterization. However, different lapse functions that differ by more than a factor f (t) generically yield different Bohmian dynamics [7, 8, 26, 27] . That is, if we consider the motion of an initial 3-metric along a certain space-like hypersurface and let it evolve according to the dynamics given in Eq. (17) to a future space-like hypersurface, then the final 3-metric will depend on the choice of lapse function or, in other words, on the choice of intermediate hypersurfaces. This was shown in detail in [26] . This is unlike general relativity, where there is foliation-independence. So in the Bohmian theory a particular choice of lapse function or foliation needs to be made. As such the theory is not generally covariant. This is akin to the situation in special relativity where the non-locality (which is unavoidable for any empirically adequate quantum theory, due to Bell's theorem) is hard to combine with Lorentz invariance. In that context, it is simpler to assume a preferred reference frame or foliation. The extent to which this extra space-time structure can be eliminated and the theory be made fully Lorentz invariant is discussed in [28] . One possibility is to let the foliation be determined in a covariant way by the wave function. Perhaps a similar approach can be taken in the case of quantum gravity [8] , but so far no concrete examples have been considered.
This theory solves the aforementioned conceptual problems with interpreting canonical quantum gravity. First of all there is no measurement problem. Measurement devices or observers do not play a fundamental role in the theory. Second, even though the wave function is static, the evolution of the 3-metric is generically time-dependent. This evolution will, for example, indicate whether the universe is expanding or contracting. Effective time-dependent Schrödinger equations can be derived for subsystems by considering the conditional wave function. Suppose, for example, that we are dealing with a scalar field in the presence of gravity, for which the wave function is Ψ(h ij , ϕ). Then for a solution (h ij (x, t), ϕ(x, t)) of the guidance equations, one can consider the conditional wave function for the scalar field: χ(ϕ, t) = Ψ(h ij (x, t), ϕ). In certain cases χ will approximately satisfy a time-dependent Schrödinger equation. Explicit examples will be given in sections 7 and 8. There is a similar procedure to derive the timedependent Schrödinger equation in the context of orthodox quantum theory [19] . In this procedure, a classical trajectory h ij (x, t) is plugged into the wave function, rather than a Bohmian one. While this procedure indeed gives a time-dependent wave function for the scalar field, it seems rather ad hoc. In Bohmian mechanics, the conditional wave function is motivated by the fact that the velocity, and hence the evolution of the actual scalar field ϕ, can be expressed in terms of either the conditional or the universal wave function, cf. Eq. (9) . The same trajectory is obtained. In the context of orthodox quantum mechanics there seems to be no justification for conditionalizing the wave function on a classical trajectory. Moreover, Bohmian mechanics is broader in its scope because it not only allows to conditionalize on classical paths but also on non-classical ones. This allows to go beyond the usual semi-classical analysis, as it will be shown in section 7.
Finally, the meaning of space-time singularities becomes unambiguous. Namely, it is the same meaning as in general relativity: there is a singularity whenever the actual metric becomes singular. We will discuss examples in section 6.
Taking the time derivative of the guidance equation (17) and using the expression (11) for the metric g µν , the modified Einstein equations are obtained:
where T µν Q is an energy-momentum tensor of purely quantum mechanical origin (there is no matter in this case). It is given by
with
the quantum potential. More explicitly:
.
(22) While Eq. (18) was written in covariant form, it is not generally covariant due to the preferred choice of lapse function. When T Qµν vanishes, we obtain the classical equations which are generally covariant.
The classical limit is obtained whenever T Qµν is negligible. The deviation from classicality also often causes singularities to be avoided, as we will see in the next section.
Note that if T Qµν ∼ g µν , then it would act as a cosmological constant. It is interesting to speculate whether the observed cosmological constant can indeed be of quantum origin [29, 30] .
In orthodox quantum mechanics, it is important to consider a particular Hilbert space (which is difficult in this case). However, from the Bohmian point of view, this is not necessary. It is necessary however that the Bohmian dynamics be well-defined. For example, in the context of non-relativistic Bohmian mechanics, a plane wave is not well-defined but the corresponding trajectories are. They are just straight lines.
What about probabilities? The Bohmian dynamics preserves the density |Ψ(h ij )| 2 . However, this density is not normalizable (with respect to some appropriate measure Dh)
Mini-superspace
The Wheeler-DeWitt equation (14) and the diffeomorphism constraint (15) are very complicated functional differential equations which are hard to solve. In order to make the equations tractable, one often assumes certain symmetries like translation and rotation invariance. This reduces the number of degrees of freedom to a finite one. It is physically justified because we are interested in applying this formalism to the primordial universe, and observations indicate that it was very homogeneous and isotropic at these early times. Even today, at large scales, the universe seems to be spatially homogeneous and isotropic.
Rather than deriving the quantum mini-superspace models from the full quantum theory, they are obtained from the canonical quantization of the reduced classical theory, using the action obtained from the full action upon imposition of the considered symmetries. It is as yet unclear to what extent these reduced quantum theories follow from the full quantum theory. The starting point is to express the metric h ij and the matter degrees of freedom in terms of a finite number of variables, say q a , a = 1, . . . , n. By moving from the Lagrangian to the Hamiltonian picture one obtains a Hamiltonian which generally has the form
where p a are the momenta conjugate to q a , f ab (q) is a symmetric function of the q's which plays the role of a metric on q-space and U is a potential. N (t) > 0 is the lapse function, which is arbitrary. It does not depend on space, since we can choose a foliation where the fields are homogeneous. The dynamics is generated by H, but constrained to satisfy H = 0. This yields the equations of motioṅ
together with the constraint
Since the lapse is arbitrary, the dynamics is time-reparameterization invariant. The time parameter t is itself unobservable. Physical clocks should be modeled in terms of one of the variables q, say q a . Namely, if q a changes monotonically with t, it can be treated as a clock variable, and t could be eliminated by inverting q a (t). Quantization of this model is done by introducing an operator
where f is the determinant of the inverse of f ab , and which acts on wave functions ψ(q). Here, interpreting f ab as a metric on q-space, the Laplace-Beltrami operator was chosen, as is usually done [31] . This imposes an operator ordering choice. The Wheeler-DeWitt equation now reads Hψ = 0 (28) and the guidance equations areq
where ψ = |ψ|e iS . The function N (t) is again the lapse function. It is arbitrary, just as in the classical case, which implies that the dynamics is time-reparameterization invariant.
The continuity equation implied by the Wheeler-DeWitt equation is
which implies that the density |ψ| 2 is preserved by the Bohmian dynamics. As mentioned in section 2, this motivates the choice of the guidance equations (29) .
Denoting p a = ∂S/∂q a , the Bohmian dynamics implies the classical equations (25), but with the potential U replaced by U + Q, with
the quantum potential. In the next section, when considering the question of space-time singularities, we will consider two types of mini-superspace models. A Friedmann-Lemaître-RobertsonWalker metric coupled to respectively a canonical scalar field and a perfect fluid.
Space-time singularities
According to general relativity, space-time singularities such as a big bang or big crunch are generically unavoidable. This is usually taken as signaling the limited validity of the theory and the hope is that a quantum theory for gravity will eliminate the singularities. In Bohmian quantum gravity, we can unambiguously analyse the question of singularities because there is an actual metric and the meaning of singularities is the same as in general relativity.
In this section, the question of big bang or big crunch singularities is considered in the simple case of a homogeneous and isotropic metric respectively coupled to a homogeneous scalar field (with zero matter potential [32, 33] and with exponential matter potential [34, 35] ) and to a perfect fluid, modelled also by a scalar field [10, [36] [37] [38] . After considering the Wheeler-DeWitt quantization, we also consider the loop quantization of the former model [33] . In the Wheeler-DeWitt case, there may be singularities depending on the wave function and the initial conditions. In the case of loop quantization there are no singularities.
Anisotropic models are discussed in [10] .
Mini-superspace -canonical scalar field
The simplest example of a mini-superspace model is that of a homogeneous and isotropic Friedmann-Lemaître-Robertson-Walker (FLRW) metric coupled to a homogeneous scalar field. The metric is ds
where N is the lapse function, a = e α is the scale factor, and dΩ 2 k is the spatial lineelement on three-space with constant curvature k. In the classical theory, the coupling to a homogeneous scalar field ϕ is described by the Lagrangian
where κ = 4πG/3, with G the gravitational constant, V M is the potential for the scalar field,
Λ, and Λ is the cosmological constant [39, 40] . The classical equations of motion are d dt
The latter equation is the Friedmann equation. The acceleration equation, which corresponds to the second-order equation for α, follows from (34) and (35).
There is a big bang or big crunch singularity when a = 0, i.e., α → −∞. This singularity is obtained for generic solutions, as it was shown by the Penrose-Hawking theorems.
Canonical quantization of the classical theory leads to the Wheeler-DeWitt equation
In the Bohmian theory [6, 32] there is an actual scalar field ϕ and an actual FLRW metric of the form (32), whose time evolution is determined bẏ
It follows from these equations that
are respectively the matter and the gravitational quantum potential. These equations differ from the classical ones by the quantum potentials. In order to discuss the singularities, we consider the case of a free massless scalar field and that of an exponential potential.
Free massless scalar field
In the case of V M = V G = 0, the classical equations lead tȯ
where c is an integration constant. In the case c = 0, the universe is static and described by the Minkowski metric. In this case there is no singularity. For c = 0, we have
withc another integration constant. In terms of proper time τ for a co-moving observer (i.e. moving with the expansion of the universe), also called cosmic proper time, which is defined by dτ = N dt, integration of (41) yields a = e α = [3(cτ +c)] 1/3 , wherec is an integration constant, so that a = 0 for τ = −c/c (and there is a big bang if c > 0 and a big crunch if c < 0). This means that the universe reaches the singularity in finite cosmic proper time.
In the usual quantum mechanical approach to the Wheeler-DeWitt theory, the complete description is given by the wave function and as such, as mentioned in the introduction, the notion of a singularity becomes ambiguous. Not so in the Bohmian theory. The Bohmian theory describes the evolution of an actual metric and hence there are singularities whenever this metric is singular, i.e., when a = 0. The question of singularities in the special case where V M = V G = 0 was considered in [32, 41] . In this case, the Wheeler-DeWitt equation is
or in terms of α:
The solutions are
The actual metric might be singular; it depends on the wave function and on the initial conditions. For example, for a real wave function, S = 0, the universe is static, so that there is no singularity. On the other hand, for wave functions ψ = ψ R,L the solutions are always classical, i.e., they are either static (if ∂ α S(κϕ(0) − α(0)) = 0, with (ϕ(0), α(0)) the initial configuration) or they reach a singularity in finite proper time τ for a comoving observer (if ∂ α S(κϕ(0) − α(0)) = 0). Wave functions with ψ R = −ψ L satisfy ψ(ϕ, α) = −ψ(ϕ, −α) and lead to trajectories that do not cross the line α = 0 in (ϕ, α)-space. As such, trajectories starting with α(0) > 0 will not have singularities. In this way bouncing solutions can be obtained. These describe a universe that contracts at early times then reaches a minimal volume and then expands again. At early and late times the evolution is classical. Wave functions that have have no singularities are of the form
(up to an irrelevant constant phase factor) with θ a constant. The product |ψ R (κϕ − α)||ψ L (κϕ + α)| is a constant of the motion in this case. For example, in the case
is constant and the solutions correspond to cyclic universes. In this case, we do not get classical behaviour at early or late times.
In summary, there may or may not be singularities depending on the wave function and the initial conditions for the actual fields.
The exponential potential
Consider V G = 0 and the exponential matter potential
where V 0 and λ are constant.κ 2 = 6κ 2 = 8πG, so that λ is dimensionless. Such potentials have been widely explored in cosmology in order to describe in a simple way primordial inflation (which describes an exponential expansion of the universe driven by the inflaton field), the present acceleration of the universe, and matter bounces (which concern bouncing cosmologies with an initial matter-dominated phase of contraction). This is because they contain attractor solutions where the ratio between the pressure and the energy density is constant, p/ρ = w, with w = (λ 2 − 3)/3. In order to describe primordial or late accelerated expansion, one should have −1/3 > w ≥ −1, and for matter bounces w ≈ 0, or λ ≈ √ 3. Here we will discuss in detail the latter case. The classical dynamics of such models is very rich and simple to understand. Assuming the gauge N = 1 (so that the time is actually cosmic proper time) and defining the variables
is the Hubble parameter, reduces the dynamical equations to
and the Friedmann equation to
The ratio w = p/ρ reads w = 2x 2 − 1.
(λ 2 − 3) Table 1 : Critical points of the planar system defined by (50) and (51).
As we are interested in investigating matter bounces, we will from now on set λ = √ 3. The critical points are very easily identified from (50) . They are listed in Tab. 1. The critical points are x = ±1 with w = 1 (p = ρ, stiff matter) correspond to the space-time singularity a = 0. Around this region, the potential is negligible with respect to the kinetic term. The critical points x = 1/ √ 2 with w = 0 (p = 0, dust matter) are attractors (repellers) in the expanding (contracting) phase. Asymptotically in the infinite future (past) they correspond to very large slowly expanding (contracting) universes, and the space-time is asymptotically flat. Note that at x = 0 the scalar field behaves like dark energy, w = −1, p = −ρ.
Hence we have four possible classical pictures: a) A universe undergoing a classical dust contraction from very large scales, the initial repeller of the model, and ending in a big crunch singularity around stiff matter domination with x ≈ 1, without ever passing through a dark energy phase.
b) A universe undergoing a classical dust contraction from very large scales, the initial repeller of the model, passing through a dark energy phase, and ending in a big crunch singularity around stiff matter domination with x ≈ −1.
c) A universe emerging from a big bang singularity around stiff matter domination, with x ≈ 1, and expanding to an asymptotically dust matter domination phase, without ever passing through a dark energy phase (which is the time-reversed of case a).
d) A universe emerging from a big bang singularity around stiff matter domination, with x ≈ −1, passing through a dark energy phase, and expanding to an asymptotically dust matter domination phase (which is the time-reversed of case b).
These classical possibilities are depicted in Fig. 1 . The trajectories take place on a circle. The points M ± are respectively the dust attractor and repeller, while S ± are the singularities: the upper semi-circle is disconnected from the down semi-circle, and they respectively describe the expanding and contracting solutions. In the quantum case, Bohmian bounce solutions were found. Exact solutions were given in [34] and with some approximation in [35] , yielding the same qualitative picture. With these solutions, the quantum effects become important near the singularity. In this region, the potential is negligible and the quantum bounce is similar to the ones Figure 1 : Phase space for the planar system defined by (50) and (51) . The critical points are indicated by M ± for a matter-type effective equation of state, and S ± for a stiff-matter equation of state. For y < 0 we have the contracting phase, and for y > 0 the expanding phase. Lower and upper quadrants are not physically connected, because there is no classical mechanism that could drive a bounce between the contracting and expanding phases: there is a singularity in between. described in the preceding section or as in [42] . The trajectories around the bounce are depicted in Fig. 2 . For large scale factors, α 1, the classical stiff matter behavior is recovered, x ≈ ±1, and from there on the Bohmian trajectories become classical, as described above.
One very important observation is that, looking at Fig. 2 , the bounce can only connect x ≈ ±1 classical stiff matter domination regions with x ≈ ∓1 classical stiff matter regions, respectively. In fact, a phase space analysis shows that such a connection of classical phases must happen for any bounce that might occur in the present model [34, 35] . This fact implies that there are only two possible bouncing scenarios, see Figs. 3 and 4:
A) A universe undergoing a classical dust contraction from very large scales, which passes through a dark energy phase before reaching a stiff matter contracting phase with x ≈ −1. In this regime, quantum effects become relevant and a bounce takes Phase space for the quantum bounce [35] . We can notice bounce and cyclic solutions. The bounces in the figure correspond to case B, whereφ < 0, and it connects regions around S + in the contracting phase with regions around S − in the expanding phase.
place, launching the universe to a classical stiff matter expanding phase with x ≈ 1, which then evolves to an asymptotically dust matter expanding phase, without passing through a dark energy phase.
B) A universe undergoing a classical dust contraction from very large scales, which goes to a stiff matter contracting phase with x ≈ 1, without passing through a dark energy phase. In this regime, quantum effects become relevant and a bounce takes place, launching the universe into a classical stiff matter expanding phase with x ≈ −1, which passes through a dark energy phase before reaching an asymptotically dust matter expanding phase. Case B is the most physical one, because it can potentially describe the present observed acceleration of the universe as long as a dark energy era takes place in the expanding phase. Fig. 5 shows an example of an exact Bohmian trajectory. Note that it satisfies almost everywhere the classical constraint x 2 + y 2 = 1, except near the singularity, where the quantum bounce takes place, and the trajectory goes from the region x ≈ −1 to the region where x ≈ 1.
In section 7, we return to this bouncing model and we analyze the evolution of perturbations on these backgrounds. This leads to a promising alternative to inflation.
Mini-superspace -perfect fluid
Another example of a mini-superspace model is that of a FLRW space-time with a perfect fluid, where the pressure is always proportional to the energy density, i.e., p = wρ with w constant. This kind of fluid may describe the hot universe. Namely, at high temperatures, fields and particles become highly relativistic, with a radiation equation of state p ≈ ρ/3. We will see again that Bohmian mechanics gives rise to non-singular solutions.
A perfect fluid can be modelled by a scalar field as follows. Consider the matter Lagrangian
We will assume that X ≥ 0 and we will interpret ϕ as the potential yielding the normalized 4-velocity of the fluid [34] . It starts in the neighborhood of (1/ √ 2, −1/ √ 2) and ends in the neighborhood of (1/ √ 2, 1/ √ 2). The classical dynamics is valid almost everywhere, except near the singularity, where quantum effects become important and a bounce takes place, and the classical constraint x 2 + y 2 = 1 ceases to be satisfied.
The energy-momentum tensor is given by
Comparing with the usual expansion of the energy-momentum tensor in terms of energy density and pressure,
we get
implying that w = 1/(2n − 1). Assuming homogeneity, the scalar field depends only on time. The construction of the Hamiltonian is straightforward. The matter part reads
where p ϕ is the momentum conjugate to ϕ and c = 1/w( √ 2n) 1+w is a constant. In the case of w = 1, the matter Hamiltonian is that of the previous section. Before applying canonical quantization, the following canonical transformation is performed:
so that
An important property is that the momentum now appears linearly. Combining this perfect fluid Hamiltonian with the gravitational Hamiltonian for a FLRW geometry, the total mini-superspace Hamiltonian is obtained:
It implies thatṪ = N/a 3w or in terms of cosmic proper time τ , dT /dτ = 1/a 3w and hence T increases monotonically, so that it can be used as a clock variable. In terms of T , the scale factor evolves like a ∝ T 2/3(1−w) in the case w = 1, which is singular at T = 0 (if the proportionality constant is different from zero).
In the quantum case, because one momentum appears linearly in the Hamiltonian, the Wheeler-DeWitt equation assumes the Schrödinger form [36, 37, 43] 
Note that in the case w = 1, this equation differs from the Wheelder-DeWitt equation (43), due to the different pair of canonical variables which were quantized. In the rest of this section, we will only consider w = 1 (for these cases we can apply the transformation (65)). The guidance equations arė
The dynamics can be simplified using the transformation
to obtain
This is just the time reversed Schrödinger equation for a one-dimensional free particle with mass 2 constrained to the positive axis.
In the context of orthodox quantum theory, the form of the Wheeler-DeWitt equation suggest to interpret T as time and to find a corresponding suitable Hilbert space. Since χ > 0, the Hilbert space requires a boundary condition
with c a real constant. |Ψ 2 |dχ is then the probability measure for the scale factor. The boundary condition ensures that the total probability is preserved in time. 3 In this section, we follow the notation of [10] , where units are such that κ 2 = 1/2. (Compared to the previous section the total Lagrangian was also divided by κ 2 .)
Note, however, that even though this form is suggestive, it is still rather ad hoc to interpret T as time. For example other variables could have been chosen (in particular if extra matter fields were considered). As explained before, in the Bohmian theory, the time t is unobservable and the physical clocks should be modeled by field or metric degrees of freedom. Since T increases monotonically with t, as long as the singularity a = 0 is not obtained, it can be used as a clock variable. But other monotonically increasing variables could also be used as clocks without ambiguities. The dynamics of the scale factor can be expressed in terms of T :
or
In the Bohmian approach, the condition (67) implies that there are no singularities [38] (because the condition means that there is no probability flux J χ ∼ Im Ψ * ∂Ψ ∂χ through χ = 0, so no trajectories will cross a = 0). However, for wave functions not satisfying the boundary condition (67), singularities will be obtained at least for some trajectories. For example, for a plane wave, the trajectories are the classical ones and hence a singularity is always obtained. From the Bohmian point of view this can motivate the consideration of a Hilbert space based on (67) . It is then also natural to use |Ψ 2 |dχ as the normalizable equilibrium distribution for the scale factor.
As an example of a wave function that satisfies the condition (67), consider the Gaussian
where T 0 is an arbitrary constant. The wave solution for all times in terms of a is [36, 37] :
The corresponding Bohmian trajectories are
Note that this solution has no singularities for any initial value of a 0 = 0, and tends to the classical solution when T → ±∞. The solution (71) can also be obtained for other initial wave functions [37] . For w = 1/3 (radiation fluid), and adjusting the free parameters, the solution (71) can reach the classical evolution before the nucleosynthesis era, where the standard cosmological model starts to be compared with observations. Hence, it can be a good candidate to describe a sensible cosmological model at the radiation dominated era which is free of singularities.
Loop quantum cosmology
Loop quantization is a different way to quantize general relativity [44, 45] . Application of this quantization method to the classical mini-superspace model defined by (33) results in the following theory. States are functions ψ ν (ϕ) of a continuous variable ϕ and a discrete variable ν = Ca 3 ,
where = ±1 is the orientation of the triad (which is used in passing from the metric representation of general relativity to the connection representation), V 0 is the fiducial volume (which is introduced to make volume integrations finite) and γ is the BarberoImmirzi parameter. ν is discrete as it is given by ν = 4nλ with n ∈ Z and λ 2 = 2 √ 3πγG. The value ν = 0, which corresponds to the singularity, is included. One could also take ν = + 4nλ, with ∈ (0, 4λ). This does not include the value ν = 0 and as such the singularity would automatically be avoided in the corresponding Bohmian theory (because, as will be discussed, in the Bohmian theory the possible values the scale factor can take are given by the discrete values of ν on which ψ has its support).
As usual, the quantization is not unique. Because of operator ordering ambiguities, different wave equations may be obtained. Different operator orderings are considered in the literature [23, 24, [46] [47] [48] . In all models, the wave equation is of the form
with ψ ν = ψ −ν and B ν and K ν,ν = K ν ,ν are real. The gravitational part, determined by K, is not a differential equation but a difference equation. For example, in the APS model [23, 24] , the wave equation is
and the other K ν,ν are zero. Various choices for B ν exist, again due to operator ordering ambiguities [49, 50] . One choice is [24] :
All choices of B ν in all the models (except in the simplified APS model [24] , called sLQC) share the important properties that B 0 = 0 and that for |ν| λ (taking the limit λ → 0, or equivalently, taking the Barbero-Immirzi parameter or the area gap to zero), B ν → 1/|ν|. For |ν| λ (taking the limit λ → 0), this wave equation reduces to the Wheeler-DeWitt equation
which is just the wave equation (44) in terms of ν.
Since the gravitational part of the wave equation (74) is now a difference operator, rather than a differential operator, the Bohmian dynamics now concerns a jump process rather than a deterministic process. Such processes have been introduced in the context of quantum field theory to account for particle creation and annihilation [51] [52] [53] . In the Bohmian theory, the scalar field evolves continuously, while the scale factor a, which will be expressed in terms of ν using (72), takes discrete values, determined by ν = 4nλ with n ∈ Z. Since the evolution of the scale factor is no longer deterministic, but stochastic, the metric is no longer Lorentzian. Namely, once there is a jump, the metric becomes discontinuous. The metric is only "piece-wise" Lorentzian, i.e., Lorentzian in between two jumps.
The Bohmian dynamics can be found by considering the continuity equation, which follows from (74):
J ν,ν is anti-symmetric and non-zero only for ν = ν ± 4λ for the LQC models considered above. Writing
we can introduce the following Bohmian dynamics which preserves the quantum equilibrium distribution |ψ ν (ϕ)| 2 dϕ. The scalar field satisfies the guidance equatioṅ
where ψ ν = |ψ ν |e iSν . The variable ν, which determines the scale factor, may jump ν → ν with transition rates given by T ν,ν (ϕ) = N C T ν,ν (ϕ). That is, T ν,ν (ϕ) is the probability to have a jump ν → ν in the time interval (t, t + dt). Note that the jump rates at a certain time depend on both the wave function and on the value of ϕ at that time. The properties of J ν,ν imply that for a fixed ν either T ν,ν+4λ or T ν,ν−4λ may be non-zero (not both). The jump rates are "minimal", i.e., they correspond to the least frequent jump rates that preserve the quantum equilibrium distribution [53] . Just as in the classical case and the Bohmian Wheeler-DeWitt theory, the lapse function is arbitrary, which guarantees time-reparameterization invariance, just as in the case of Wheeler-DeWitt quantization. For |ν| λ (taking the limit λ → 0), this Bohmian theory reduces to the one of the Wheeler-DeWitt equation (using similar arguments as in [54] ).
Let us now turn to the question of singularities. If T 0,±4λ = 0, then the scale factor a (or ν) can never jump to zero, so a big crunch is not possible. If T ±4λ,0 = 0, then the scale factor can not jump from zero to a non-zero value, so a big bang is not possible. Hence there are no singularities if J 0,±4λ = 0. That this condition is satisfied can be seen as follows. Since B 0 = 0, we have
Using the properties K 0,ν = K 0,−ν and ψ ν = ψ −ν , we obtain that
and hence that J 0,±4λ = 0. In summary, Bohmian loop quantum cosmology models for which the wave equation (74) has the properties that B 0 = 0, K 0,ν = K 0,−ν and ψ ν = ψ −ν , do not have singularities. Importantly, no boundary conditions need to be assumed.
In the case that ψ is real, both ϕ and a are static. For other possible solutions, the wave equation needs to be solved first. This is rather hard, but can perhaps be done in the simplified model sLQC since the eigenstates of the gravitational part of the Hamiltonian are known in this case. Something can be said about the asymptotic behaviour however. Since for large ν this Bohmian theory reduces to the Bohmian Wheeler-DeWitt theory, the trajectories will tend to be classical in this regime. Namely consider solutions (45) to the Wheeler-DeWitt equation for which the functions ψ R and ψ L go to zero at infinity. Then for α → ∞, the wave functions ψ R and ψ L become approximately non-overlapping in (ϕ, α)-space. As such the Bohmian motion will approximately be determined by either ψ R or ψ L and hence classical motion is obtained. This implies an expanding or contracting (or static) universe. We expect that a bouncing universe will be the generic solution.
So far we assumed k = Λ = 0. In the case k = ±1 or Λ = 0 singularities are also eliminated [33] .
In conclusion, in Bohmian loop quantum cosmology, there is no big bang or big crunch singularity regardless of the wave function. The result follows from a very simple dynamical analysis. It is in agreement with the results derived in the standard quantum mechanical framework [21] [22] [23] . However, in [21] [22] [23] , ϕ is considered a time variable from the start, whereas in the Bohmian case, ϕ can only be used as a clock variable when increases monotonically with t. In addition, often only a special class of wave functions is considered, namely the ones that behave classically at "late times".
Cosmological perturbations
In section 6, we have described Bohmian mini-superspace models. These simplified models of quantum gravity were obtained by assuming homogeneity and isotropy. In this section, we consider deviations from homogeneity and isotropy by introducing perturbations. These perturbations are very important in current cosmological models, either inflationary or bouncing models, because they form the seeds of structure formation. Namely, according these models, in the far past the universe was so homogeneous that the only sources of inhomogeneities are quantum vacuum fluctuations. During the subsequent expansion of the universe the vacuum fluctuations result in classical fluctuations of the matter density. The classical fluctuations then grow through gravitational clumping and give rise to structures such as galaxies and clusters of galaxies we observe today. These vacuum fluctuations also leave an imprint on the cosmic microwave background radiation as temperature fluctuations.
There are a number of issues with this standard account that the Bohmian approach helps to solve. First of all, the conventional approach to deal with the cosmological perturbations is to consider a semi-classical treatment where only the first-order perturbations are quantized, while the background is treated classically (without back-reaction from perturbations onto fluctuations). This was largely explored in inflationary models in order to calculate the primordial power spectrum of scalar and tensor cosmological perturbations, and evaluate their observational consequences. However, the classical treatment of the background implies that there is a singularity, a point where no physics is possible, rendering the analysis incomplete. Using Bohmian mechanics, the usual approach to cosmological perturbations can be extended to include quantum corrections to the background evolution. This can then be used to infer consequences for the formation of structures in the universe, and for the anisotropies of the cosmic background radiation. Early attempts on this approach resulted in very complicate and intractable equations [31] . Using Bohmian mechanics, one is able to tremendously simplify the evolution equations of quantum cosmological perturbations in quantum backgrounds, rendering them into a simple and solvable form, suitable for the calculation of their observational consequences [55] [56] [57] [58] [59] [60] [61] [62] . We start with illustrating the derivation of the motion of the quantum perturbations in a quantum background in section 7.1 for the simple case of a canonical scalar with zero potential. Similar results can be obtained for nonzero potentials. Then, in section 7.5, we will discuss the observational consequences in the case of an exponential matter potential, for which the background equations yield bouncing solutions as discussed in section 6.1.2.
A second problem with the conventional approach is that of the quantum-to-classical transition of the perturbations [63, 64] . Namely, the quantum vacuum fluctuations somehow turn into classical fluctuations during the evolution of the universe. But this is difficult to account for in the context of orthodox quantum theory. We will consider this in a bit more detail for the case of inflation theory in section 7.4, for bounce theories see [65] .
Cosmological perturbations in a quantum cosmological background
The mini-superspace bouncing non-singular models described in section 6 considered a hydrodynamical fluid or a scalar field as their matter contents. Here, we will present the main features for the quantum treatment of perturbations and background in the case of a canonical scalar field. We will consider a free scalar field, i.e., with zero field potential. The generalization to other potentials (like inflationary ones [61] ) is straightforward. Hydrodynamical fluids are treated in [55] [56] [57] [58] . The free massless scalar field is ϕ (t, x) = ϕ 0 (t)+δϕ (t, x), where ϕ 0 is the background homogeneous scalar field and δϕ (t, x) is its linear perturbation. The FLRW metric together with its scalar perturbations is given by
µν represents a homogeneous and isotropic FLRW cosmological background,
where we assumed a flat spatial metric, and h µν represents linear scalar perturbations around it, which we decompose into
where we used the notation B ,i = ∂ i B. The case of tensor perturbations, i.e., gravitational waves, is very similar and actually easier [55, 56] . Starting from the classical action for this system, the Hamiltonian up to secondorder can be brought into the following simple form (using a redefinition of N with terms which do not alter the equations of motion up to first order and performing canonical transformations), without ever using the background equations of motion [66] (κ 2 = 1):
where again a = e α and v(x) is the usual Mukhanov-Sasaki variable [67] , defined as
with primes denoting derivatives with respect to conformal time η, defined by dη = dτ /a, τ being cosmic proper time, and H = a /a = α . This system is straightforwardly quantized and yields the Wheeler-DeWitt equation
We now want to consider an approximation where the background evolves independently from the perturbations. The evolution of the background will be Bohmian rather than classical (as is usually considered). This approximation is obtained as follows. We write the wave function as
and assume that |Ψ 2 | |Ψ 0 | and |S 2 | |S 0 |, together with their derivatives with respect to the background variables. Then to lowest order we havê
and the usual corresponding guidance equations. This is the mini-superspace model described in section 6.1. As we have seen, quantum effects can eliminate the background singularity leading to bouncing models. Using a Bohmian solution (α(η), ϕ(η)) for the background, guided by Ψ 0 , an approximate wave equation for the perturbations can now be obtained. It is found by considering the conditional wave function
for the pertubations. It approximately satisfies (after suitable transformations)
This is the same wave equation for the perturbations known in the literature, in the absence of a scalar field potential [67] . When a scalar field potential is present, one just has to substitute a /a by z /z in this Hamiltonian, where z = aϕ /H. The crucial difference with the standard account is that now the time-dependent potential a /a or z /z in Eq. (118) can be rather different from the semi-classical one because it is calculated from Bohmian trajectories, not from the classical ones. This can give rise to different effects in the region where the quantum effects on the background are important, which can propagate to the classical region, yielding different observations.
Bunch-Davies vacuum and power spectrum
Having found the evolution equation for quantum perturbations in a quantum background, we recall the solution of interest in both inflationary and bouncing models, which is the Bunch-Davies vacuum.
Let us first apply the unitary transformation e quantum perturbations behave like a bunch of quantum mechanical harmonic oscillators and the Bunch-Davies vacuum tends to the vacuum state of the quantum harmonic oscillator. In the case of inflation theory, the inflaton field drives the universe to a homogeneous state so that only vacuum fluctuations of these pertubations remain. Similarly, in the case of a bouncing model, in the far past in, the matter content of the universe was homogeneously and isotropically diluted in an immensely large space which was slowly contracting. In this very mild matter contraction, space-time was almost flat and empty, and the only source of inhomogeneities could only be small quantum vacuum fluctuations.
In the next section, we discuss how this formalism connects to current cosmological observations. In section 7.4, we discuss the quantum-to-classical transition of the perturbations and then finally, in section 7.5, we discuss the cosmological perturbations for the matter bounce quantum background described in section 6.1.2. This approach models the realistic situation where an accelerated era takes place in the expanding phase. In addition to the scalar perturbations, we will also discuss the results for the case of primordial gravitational waves. As we shall see, the quantum bounce solves important problems which cannot be addressed by classical bounces, and yield observational imprints on the cosmic microwave background radiation.
Power spectrum and cosmic microwave background
To make the connection between the early universe and present cosmological observations, in particular the anisotropies of the cosmic microwave background, the quantity of interest is the two-point correlation function
which is written in terms of the Heisenberg picture, and
is the power spectrum of v. In Bohmian mechanics this quantity is obtained as follows. First, let us denote v(η, x; v i ), with v i a field on space, a solution to the guidance equations such that v(η i , x; v i ) = v i (x). If the initial field v i is distributed according to quantum equilibrium, i.e., |Ψ(v i , η i )| 2 , then because of equivariance v(η, x; v i ) will be distributed according to |Ψ(v, η)| 2 . For such an equilibrium ensemble, we can consider the two-point correlation function
which leads to the usual expression (107) together with (108) for the correlation function and the power spectrum of v, respectively. The power spectrum determines the temperature fluctuations of the cosmic microwave background. Let us consider this in a bit more detail. Let T (n) denote the temperature of the cosmic microwave background in the direction n, withT its average over the sky. The temperature anisotropy δT (n)/T , where δT (n) = T (n) −T , can be expanded in terms of spherical harmonics
The a lm are determined by the Mukhanov-Sasaki variable. The main quantity used to study the temperature anisotropies is the angular power spectrum
In the standard treatments, one considers the operator C 0 l and compares the observed value for the angular power spectrum with C l = Ψ| C 0 l |Ψ , which is a function of the power spectrum (108). This is sometimes regarded as a puzzle, since the expectation value refers to an average over an ensemble of universes, while on the other hand we have only one sky to observe the microwave background radiation. It is sometimes claimed that this expectation value will agree with an average of the angular power spectrum seen for different observers at large spatial separations. While this may be true, it does not seem relevant, since we do not have observations from other places, just from earth.
What is relevant, however, is the variance. Since for the Bunch-Davies vacuum the modes are jointly Gaussian, then also the a lm are jointly Gaussian, and the variance of C 0 l is given by [68] (∆C
This means that one would expect the observed value to deviate from C l by an amount of the order 2/(2l + 1)C l . We will hence have a greater uncertainty for small l (which corresponds to large angles over the sky, since the angle is roughly π/l). For large l the observed value must lie closer to the expected value. This kind of reasoning is justified in the Bohmian approach (while in the orthodox interpretation of quantum theory there remains a gap, viz., the measurement problem). Indeed, since in Bohmian mechanics the initial configuration Q 0 of the universe is a realization of (i.e., typical of) the |Ψ| 2 distribution, the a lm obtained from Q 0 are a realization of the joint distribution that follows from |Ψ| 2 which, as we assumed, is Gaussian in the case at hand. And for a realization of a Gaussian random variable, its deviation from the expectation value is indeed of the order of the root mean square.
Quantum-to-classical transition in inflation theory
In both inflationary models and bouncing models, the seeds of structure are the vacuum fluctuations (usually) described by the Bunch-Davies vacuum. During the evolution of the universe, these vacuum fluctuations become classical fluctuations. It is problematic to explain this transition within the context of orthodox quantum mechanics. Namely, the fluctuations are initially described by a wave function that is homogeneous and isotropic. The transition to classical fluctuations implies that these symmetries are somehow broken. However, since the Schrödinger dynamics preserves these symmetries, the only way this can happen in the context of orthodox quantum theory is through the collapse of the wave function. But when exactly does the wave function collapse in this case? This is the measurement problem, as was mentioned in the introduction. In the early universe there were no observers or measurement devices. Moreover, observers and measurement devices are supposed to originate from these vacuum fluctuations. Bohmian mechanics provides an elegant and simple solution to the problem [65, 69, 70] . The key is that in Bohmian mechanics there is more than the wave function. There are actual field fluctuations whose motion is determined by the wave function. Even though the wave function may be homogeneous and isotropic, the actual fluctuations generically are not. Moreover the field fluctuations start to behave classically during the expansion, as expected. We will explain this in the context of inflation theory [69, 70] . For bouncing models, see [65] .
According to the simplest inflationary models, the early universe has inflated almost exponentially driven by a single scalar field ϕ (the inflaton field). The homogeneous and isotropic background is assumed classical (rather than described by Bohmian mechanics), as is usually done in inflation theory. The scalar perturbations are described by the Bunch-Davies vacuum which statisfies (99). As discussed in the previous section, this state is completely determined by the function f k (η) which satisfies the classical mode equation (105), which depends on z. In many inflationary models (like power-law or slow-roll inflation), the behavior of f k (η) for physical wave lengths at early times, i.e., η → η i , is given by
As such, as follows from (106), the Bohmian modes are given by
(in many inflationary scenarios, ReA k = 0 and the first order term disappears). So v k tends to be time independent for |η| 1. (This is compatible with the fact that the Bohmian modes are stationary for the ground state of a quantized scalar field in Minkowski space-time [2] .) Hence, the time dependence of the Bohmian modes is completely different from that of classical solutions, which oscillate for |η| 1 and k 2 z /z, see Eq. (115). The physical modes will grow larger during inflation and will eventually obtain wavelengths much bigger than the curvature scale, i.e., k behavior of f k (η) is approximately given by the so-called growing mode, i.e.,
where α g < 0, so that |f k | equals f k , up to a time-independent complex factor. As such, the Bohmian modes approximately evolve according to the classical mode equation (105), so that the classical limit has been attained. The classical limit can also be investigated by examining the behavior of the quantum force and leads to the same result [70] .
Observational aspects for matter bounces
Matter bounces have been proposed as alternatives to inflation. First of all, they solve the horizon and flatness problems 5 of the big bang scenario (which also motivated inflation). Second, just as in inflation, they yield a viable causal mechanism for the origin of the seeds of all structures in the universe and for the anisotropies of the cosmic microwave background radiation. The idea is that, in the far past, the matter content of the universe was homogeneously and isotropically diluted in an immensely large space which was slowly contracting. In this very soft matter contraction, space-time was almost flat and empty and the only source of inhomogeneities are quantum vacuum fluctuations. It has been shown that perturbations originating from such quantum vacuum fluctuations during a slow matter dominated contracting phase become almost scale invariant in the expanding phase. This picture is called the matter bounce scenario. There are many proposals to cause the transition from contraction to the present expanding phase, most of them using another field (in addition to the regular matter field) which dominates at small scales and realizes the bounce. However, the presence of another field yields entropy perturbations, the relative fluctuations between the individual energy densities of the different fields, which are not usually treated correctly (for the correct treatment, see e.g. [71] ). Furthermore, in such classical bounce scenarios, primordial gravitational waves are also created, and they are as important as scalar perturbations, i.e., the ratio r = T /S between the amplitude of primordial gravitational waves T and the amplitude of scalar perturbations S is approximately one. However, observations of the anisotropies of the cosmic microwave background indicate that the ratio r is small, i.e., r < 0.1. This is a shortcoming of these classical bouncing models.
In section 6.1.2, we presented a quantum background model where, in the asymptotic past, the scalar field behaves like a matter fluid. Hence it is a matter bounce model, which leads to the observed almost scale invariant spectrum of scalar perturbations. Furthermore, this scalar field with exponential potential leads to a dark energy phase.
As we have seen, the Bohmian quantum approach to this classical model opened a new possibility for bouncing scenarios with dark energy: the dark energy behavior may be a feature only of the expanding phase, where it can model the present observed accelerated expansion, and it was absent in the contracting phase. This is a very important property of this background because the presence of dark energy in the contracting phase of bouncing models makes problematic the imposition of vacuum initial conditions for cosmological perturbations in the far past of such models. For instance, if dark energy is a cosmological constant, all modes will eventually become bigger than the curvature scale in the far past and a vacuum prescription becomes quite contrived, possibly leading to divergences in the asymptotic past [72] . In the above cosmological model, however, the presence of dark energy in the universe does not make problematic the usual initial conditions prescription for cosmological perturbations in bouncing models, the universe will always be dust dominated in the far past (running back in time, the dust repeller becomes an attractor) and vacuum initial conditions can be easily imposed in this era. Consequently, we get a well-posed problem to calculate the observed spectrum and amplitude of scalar cosmological perturbations in bouncing models with dark energy.
Let us now investigate what are the amplitudes of scalar perturbations and primordial gravitational waves in this model, and whether the classical problem with their ratio r = T /S is overcome [35] . The primordial gravitational waves are described by the variable µ which satisfies similar equations as the Mukhanov-Sasaki variable v, see section 7.2, with the scale factor a playing the role of z. The Bunch-Davies vacuum state is also considered for these gravitational waves.
One can numerically calculate the modes of scalar perturbations and primordial gravitational waves up to the present epoch. The two-point correlation function (107) for scalar perturbations is expressed in terms of f k , which satisfies Eq. (105). The analogous variable for gravitational waves, called g k , satisfies
In order to understand qualitatively the final results, let us discuss what happens near the quantum bounce. When the universe contracts sufficiently and we get closer to the bounce in the contracting phase, the curvature of space-time increases a lot, and in this situation we arrive at the regime where z /z k 2 and a /a k 2 (the so called superHubble behavior). The solutions for the scalar and tensor perturbations at leading order then read, respectively,
where x was defined in Eq. (48) . In the classical contracting branch of case B, x varies between 1/ √ 2 and 1, while the scale factor goes through a large contraction. In other words, the value of this integral will be dominated by the values of a near the bounce phase, where a attains its smallest value. Hence, for classical bounces the amplitude of scalar and tensor perturbations will be similar, and their ratio r ≈ 1, contrary to the observation limit r < 0.1. However, in a quantum bounce, when the quantum phase begins, the value of x is no longer restricted to (1/ √ 2, 1), see Fig. 5 , and it can increase the scalar perturbation amplitudes relative to the tensor perturbation amplitudes. Indeed, during the classical matter phase, 1/x 2 ≈ 2, and during the classical stiff matter domination, 1/x 2 ≈ 1. Therefore, in the classical phase, the presence of 1/x 2 in the integral (119) increases its value by a maximum factor of two. On the other hand, throughout the quantum phase, the 1/x factor can substantially increase the scalar perturbations amplitudes relative to the tensor perturbations amplitudes, as can be seen in Fig. 6 . The curve shows that the presence of 1/x 2 in the aforementioned integral will result in a sharp increase in the scalar perturbation amplitude around |α − α b | ≈ 10 −1 , where α b is the value of the scale factor at the bounce. This effect takes place close to the bounce. The indices a and b refer to the real and imaginary parts of the perturbation amplitudes. Scalar and tensor perturbations grow almost at the same rate during classical contraction, but at the quantum bounce the scalar perturbations are hugely enhanced over the tensor perturbations due to the quantum effects (shown in the detail of the figure) . After the bounce, the perturbations get frozen. The final amplitudes of both perturbations are compatible with observations. This is a very important result: it shows that quantum cosmological effects may solve problems which plague classical bouncing models, namely, large ratios of tensor to scalar perturbations amplitudes. More than this, it shows that features of Bohmian trajectories can lead to observational consequences and explain involved cosmological issues. Whether these conclusions can also be reached under other quantum frameworks, is something yet to be verified.
The parameters of the theory can be adjusted in order to yield the right amplitudes and spectral indices of scalar and tensor perturbations. Hence, a single scalar field with a simple potential analyzed in the Bohmian framework yields a sensible bouncing model with dark energy behavior and correct perturbation amplitudes.
Semi-classical gravity
Semi-classical gravity is an approximation to quantum gravity where gravity is treated classically and matter quantum mechanically. In the usual approach to semi-classical gravity, matter is described by quantum field theory on curved space-time. For example, in the case the matter is described by a quantized scalar field, the state vector can be considered to be a functional Ψ(ϕ) on the space of fields, which satisfies a particular Schrödinger equation
where the Hamiltonian operator H depends on the classical space-time metric g. This metric satisfies Einstein's field equations
where the source term is given by the expectation value of the energy-momentum tensor operator. This will form a good approximation when the gravitational field and the matter field are behaving approximately classically, but will break down when the state of the matter enters in a macroscopic superposition. Namely, the Wheeler-DeWitt theory is linear, while the semi-classical approximation is not. So when matter is in a superposition of being in one location and another, then according to the Wheeler-DeWitt theory the state will be of the form Ψ = (ψ 1 (ϕ)χ 1 (g) + ψ 2 (ϕ)χ 1 (g))/ √ 2, where ψ i is the state of the matter at a particular location and χ i the state of the corresponding gravitational field. However, according to the semi-classical theory the state will be of the form
and hence the gravitational field is affected by two matter sources, one coming from each term in the superposition. As experimentally shown by Page and Geilker, the semiclassical theory becomes inadequate in such situations [19, 73] .
In the context of Bohmian mechanics it is natural to consider another type of semiclassical approximation [40, 74] . In this approximation, the back-reaction from the matter onto the gravitational field is by using the Bohmian energy-momentum tensor T µν (ϕ B , g), where ϕ B is the actual Bohmian field configuration, in Einstein's field equations:
While the resulting theory is still non-linear, it solves the problem with the macroscopic superposition. Namely, even though the matter wave function is in a macroscopic superposition of being at two locations, the Bohmian field ϕ B and the energy-momentum tensor T µν (ϕ B , g) will correspond to a matter configuration at one of the locations. This means that according to eq. (123) the gravitational field will correspond to that of matter localised at that location. However, there is an immediate problem with this ansatz, namely that eq. (123) is not consistent. The Einstein tensor G µν is identically conserved, i.e., ∇ µ G µν ≡ 0. So the Bohmian energy-momentum tensor T µν (ϕ B , g) must be conserved as well. However, the equation of motion for the scalar field does not guarantee this. (Similarly, in the Bohmian approach to non-relativistic systems, the energy is generically not conserved.) The solution to the problem is that the usual expression for the Bohmian energy-momentum tensor is not the right source term in the Einstein field equations. The correct source term can in principle be derived by starting from the Bohmian Wheeler-DeWitt theory. However, in the derivation the gauge invariance, which in this case is the invariance under spatial diffeomorphisms (i.e., spatial coordinate transformations), should be dealt with, either by performing a gauge fixing or by working with gauge independent degrees of freedom. However, this is a notoriously difficult problem in the case of general relativity. In the case of mini-superspace model the spacial diffeomorphism invariance is elminiated and a consistent semi-classical approximation can be found straightforwardly.
A similar problem arises in the Bohmian semi-classical approach to scalar electrodynamics, which describes a scalar field interacting with an electromagnetic field. In this case, the wave equation for the scalar field is of the form
where A is the vector potential. There is also a Bohmian scalar field ϕ B and a charge current j ν (ϕ B , A) that could act as the source term in Maxwell's equations
where F µν is the electromagnetic field tensor. In this case, we have ∂ ν ∂ µ F µν ≡ 0 due to the anti-symmetry of F µν . As such, the charge current must be conserved. However, the Bohmian equation of motion for the scalar field does not imply conservation. Hence, just as in the case of gravity, a consistency problem arises. In this case, the correct current can be derived by starting from the full scalar electrodynamics after eliminating the gauge freedom. For example, in the Coulomb gauge, there is an extra current j ν Q which appears in addition to the usual charge current and which depends on the quantum potential, so that Maxwell's equations read
which is consistent since the total current is conserved, because of the equation of motion for the scalar field. Let us consider now the derivation of the semi-classical approximation of the minisuperspace model defined by (36) and (37) . For simplicity, we assume the gauge N = 1.
Given a set of trajectories (α(t), ϕ(t)), the conditional wave function for the scalar field is χ(ϕ, t) = ψ(ϕ, α(t)). Using ∂ t χ(ϕ, t) = ∂ α ψ(ϕ, α) α=α(t)α (t) ,
and the Wheeler-DeWitt equation (36), we can write
and I a rest term [40] . When I is negligible (up to a real time-dependent function times χ), (128) becomes the Schrödinger equation for a homogeneous matter field in an external FLRW metric. If furthermore the quantum potential Q G is negligible compared to other terms in eq. (39), we are led to the semi-classical theory:
This whole procedure is very similar to what was done in section 7.1. In the usual semi-classical approximation, one has (130) and
with χ normalized to one (which is the analogue of (121) and (122) for mini-superspace). In [40] , an example was worked out showing that the Bohmian semi-classical approximation gives better results than the usual semi-classical approximation. As such the Bohmian semi-classical approximation may perhaps be used to find effects of quantum gravitational nature that are not present in the usual semi-classical approximation. Possible applications may be inflation theory (which will be discussed in the next section), which is described by a mini-superspace model with fluctuations. Usually the fluctuations are described quantum mechanically while the homogeneous background is described by a classical mini-superspace theory. Including the back-reaction from the fluctuations onto the homogeneous background will lead to corrections which may be testable. Such an investigation has been carried out in [75] . A correction was found but is as yet unobservable. A Bohmian approach may perhaps improve on this result.
Conclusion
It is highly problematic to interpret canonical quantum gravity within the framework of orthodox quantum theory. The difficulty is that orthodox quantum theory merely makes predictions about outcomes of measurements and thereby relies on observers or measurement devices outside the quantum system of interest. When the quantum system of interest is the whole universe, there are no outside observers or measurement devices. As an alternative, there is Bohmian quantum gravity. Bohmian quantum gravity provides an objective description of the universe in terms of an actual spacetime and matter fields (or particles), whose dynamics is determined by the universal wave function. This allows for a clear and unambiguous analysis of questions that are often rather ambiguous in the framework of orthodox quantum theory. Examples are, the questions what the history of the universe is, whether it originated or will end up in a space-time singularity, how we can experimentally test the theory, etc.
In this chapter, we addressed various of these questions. We explained how Bohmian quantum gravity solves the problem of time and how it allows for the derivation of familiar time-dependent Schrödinger equations for subsystems in the universe.
We also analyzed the question of space-time singularities and described Bohmian solutions that are free of space-time singularities. This was done in the context of simplified models of quantum gravity which assume homogeneity and isotropy. In all the models we considered, bouncing solutions are possible which describe a contracting universe evolving into an expanding one. Such bouncing solutions may describe our actual universe. We also considered deviations from homogeneity and isotropy by introducing linear perturbations. Using the Bohmian approach, we described how effective equations can be found describing the motion of these quantum perturbations in an external homogeneous and isotropic quantum background. The study of these perturbations is important since they leave an imprint on, for example, the cosmic microwave background radiation. This allows to distinguish between different theories. We presented the results of a recent study that investigated the perturbations for a background model with a matter bounce, where the bounce follows from the Bohmian dynamics. The results are in good agreement with observation and hence such a model may provide a serious alternative to inflation theory, which is currently the prevailing approach to early universe cosmology. It is important to stress that the Bohmian dynamics for the background is crucial to obtain these results.
The Bohmian approach also deals in natural way with the classical limit. The classical limit is obtained whenever the space-time or matter degrees of freedom behave approximately classically. We applied this to the problem of the quantum-to-classical in inflation theory and bouncing theories. This problem is solved very simply in Bohmian mechanics and gives the usual results (which are problematic to justify within the context of orthodox quantum theory).
In the final section, we presented an approach to semi-classical gravity based on Bohmian mechanics. This approach goes beyond the usual semi-classical approach and might provide a new tool, unavailable in orthodox quantum theory, to probe quantum gravitational effects.
There are other applications of Bohmian quantum gravity that were not discussed here. One concerns the Boltzmann brain problem in cosmology. As was shown in [76] , there is no such problem in the context of the Bohmian approach. Another applica-tion concerns the search for quantum non-equilibrium [77] [78] [79] . While a typical initial configuration gives the usual quantum predictions described by the Born rule, other initial configurations may lead to non-equilibrium distributions which yield deviations from the Born rule. Since non-equilibrium distributions tend to evolve very quickly to equilibrium distributions [80, 81] , one needs to find special systems where this is not the case. Such special systems might be found in cosmological context, in particular with the primordial perturbations for which non-equilibrium distributions may leave observational imprints on the cosmic microwave background. In some of these investigations, it was conjectured that some anomalies found in the observation of the anisotropies of the cosmic background radiation might be explained by these deviations. However, there is still a large debate on whether such anomalies are indeed statistically significant, or whether they are produced by other causes. So far, there is no experimental evidence for a violation of the Born rule.
